Introduction.
One of the aims of this paper is to establish an explicit upper bound for the least quadratic non-residue, mod p. The bound is not the bestO) which the author can obtain. The author gives such a result owing to the following facts: in the present procedure we may adopt some known results due to Rosser(2) and it is sufficient to establish some typical results in the study of the E.A. (abbreviation of Euclidean algorithm) of real quadratic fields(3).
As to the results in the study of the E.A., we have the following theorem.
Theorem. For d>e2b0, there is no E.A. in the quadratic field R(d112), where d is a square-free integer.
There are three ways to sharpen the result, (i) by means of Euler's summation formula to improve an estimate of a sum, (ii) reconsideration of the estimate of certain character sums, and (iii) by means of higher order "average" of Riemann-Mangoldt's formula to smooth some results concerning distribution of primes(4).
2. Lemmas quoted from Rosser's paper.
Lemma 1. Let û(x) = E log P Pe* Presented to the Society, October 28, 1944; received by the editors November 29, 1943. (l) A better result has been obtained, for example, we may have <2>e160 in the theorem. But the proof of it is at least ten times more difficult than the present one.
(*) Amer. J. Math. vol. 63 (1941) pp. 211-232.
(3) As to a detailed description of the history of this problem, see a paper by A. Brauer,.
Amer. J. Math. vol. 62 (1940) pp. 697-713. (4) When the paper mentioned in footnote 3 appeared, it was unknown only in the following cases whether the E.A. exists or not:
I. d.=p where p is a prime of form 8n + l or p = 6l and 109. II. d = pipi=¡l (mod 24) where pi and pi are primes and £i=£>2 -3 (mod 4).
In both cases it was known that the algorithm does not exist if d is sufficiently large. But in the meantime it was proved by Rédei (Über den Euklidischen Algorithmus in reellquadratischen Zahlkörpern, Mat Fiz. Lapok vol. 47 (1940) pp. 78-90) that the algorithm does not exist in the case II. The paper of Rédei was unknown to the author; therefore he considered the cases 1 and II in the original version of chis paper. But the case II is now without any interest. In order to accelerate the publishing under the present conditions this paper was changed a little without the knowledge of the author such that only the case I is considered. A. Brauer. (2) By the identity, we have, for x = K = 512,
Taking ,=i v log
= iA/q)li q + A log log A -A log log q.
Remark.
The inequality in the lemma may be sharpened by means ôf Euler's summation formula.
4. Lemmas concerning character sums.
Lemma 5. Let p be a prime and p = l (mod 4). Then, for A <p, we have a_l n-1 \ P / ¿ where ( §) is Legendre's symbol.
Proof. We may assume that p< iA +1)2. For otherwise, we have
It is well known that Proof. The sum may be written as Lemma 7. Let rït r2 and r3 be the least three positive primes which are quadratic non-residues mod p. Then 2 4 riSp112, r2g-p1'2, r3S--p112. Proof. The left-hand side is the number of non-residues ni*A. Evidently each such n is divisible by one of the q's. (2) We suppose that gi>e80. By Lemmas 9, 10, and 11, we have -t±(i-(-))^± e r-i We have also:
Theorem 2. Let qu q2 and q3 be the least three prime quadratic non-residues, mod p. Then, for p ^ e260, we have where «i, n2, qi, q2 are all positive and quadratic non-residues (mod p), and where the g< are odd primes which divide q,ni to an odd power for i=l, 2. Proof. By Lemma 3, tf((l/0.346) log qx) è log qx > log 5.
Thus, there is a prime not greater than (1/0.346) log qx not dividing s.
Lemma 14. Let pbea prime of form 4« +1. Let qx, q2, and q3 be the least three primes which are quadratic non-residues mod p. Suppose'that qx>3. If will give us the same result.
(2) (p) =-1. Then we may write p = 5sq3 + 3t, where s = 1 or 2.
For 5=1, the method in (1) gives us a required decomposition. If 5 = 2 and 31 /, we write p = 4O93 + 3(t -IO93).
7. Proof of the theorem for the E.A.
Theorem 3. For d>e2S0 and square-free, there is no E.A. in the quadratic field R(d"2).
Proof. According to the results which are already known, it is sufficient to consider the case d = p = l (mod 4). By Theorem 2 we have (l/0.346)9!9293 log 91 < (l/0.346)(60-240-720¿3'2)0-626 log (ÓO/»1'2)0-625 < p.
